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boundary. The proposed infinite determinant method
accurately locates the lines of transition between stable and
unstable regions of the parameter space, but it yields no
useful information concerning the character of the solution
in regions away from, these boundaries.
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Buckling and Postbuckling Behavior of Spherical Caps
under Axisymmetric Load
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The elastic buckling and initial postbuckling behavior of clamped shallow spherical shells
under axisymmetrie load is investigated. An analysis is made of the dependence of the buck-
ling and postbuckling behavior on the area of the region over which the load is uniformly dis-
tributed. It is found that as the area of the loaded region increases, the buckling behavior
changes from asymmetric bifurcation to axisymmetrie snap-through, and then back to asym-
metric bifurcation. The asymmetric buckling associated with a small loaded area is charac-
terized by the fact that the shell retains its load carrying capacity. The opposite is true for
the bifurcation associated with a relatively large loaded area. A simple criterion for deter-
mining whether a loss of load carrying capacity will occur is established in terms of the radius
and thickness of the shell and the radius of the projection of the loaded area on the shell base
plane.

Introduction

THIS paper presents an analysis of the buckling and initial
postbuckling behavior of a clamped spherical cap (Fig. 1)

uniformly loaded over a circular region centered at the apex.
Huang1 analyzed the buckling of this structure under uni-
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form pressure. For the case of a concentrated load at the
apex, Bushnell2 analyzed buckling, and Fitch3 studied the
postbuckling as well as the buckling behavior. For both
types of loading it was found that if the shell thickness is less
than a certain critical value asymmetric bifurcation will occur
at a smaller load than that required for axisymmetrie snap-
buckl'ng. The initial postbuckling analysis for the concen-
trated load case showed that the shell retains its load carry-
ing capacity as it makes the transition to asymmetric be-
havior. This result is in qualitative agreement with experi-
ments4"6 in which the gradual development of asymmetric
deformation with increasing load has been observed. Experi-
ments on the clamped cap under uniform pressure,7"9 on the
other hand, have shown that buckling is of the sharp snap-
through variety. In this paper an analysis of the dependence
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of the buckling and postbuckling behavior on the size of the
region over which the load is distributed is undertaken.

The investigation is carried out on the basis of Marguerre's
nonlinear shallow shell theory.10 Critical loads for axisym-
metric snap-buckling and asymmetric bifurcation are com-
puted numerically, the latter through a standard perturba-
tion technique which leads to a linear eigenvalue problem.
When the bifurcation load is smaller than the axisymmetric
critical load an extension of the perturbation idea is used to
investigate the initial postbuckling behavior.

Basic Equations

According to the nonlinear shallow shell theory of Mar-
guerre10 the behavior of a thin spherical cap loaded uniformly
over a circular region centered at the apex (Fig. 1) can be de-
scribed by the nondimensional equations

= V2/ +(b' + ̂  /) »" + (-W + l- w} /" -
yu/ »(/ j \*t/ u/ y

-«) (1)

V%

/l l \2 /l l AV4/ = — V2w + I - w' — — w ) — [- w' + — w] w" (2)
\X X2 / \X X2 )

where x and 9 are polar coordinates in the base plane,

and
V2( )E3

s(x) =

The nondimensional radial coordinate x, vertical deflection w,
stress function /, and pressure p are related to the correspond-
ing physical variables by

x = Xr/r0, w = (\*/2H)W,f= (

P =
q

i/2)]1/2

In these expressions, r0, H, and t are the base radius, apex
rise, and thickness of the shell (Fig. 1). E is Young's modulus,

X = 2[3(1 - = [12(1 - v*)]li*(rQ/t)(t/R)U*
where v is Poisson's ratio and the relation r0

2 ~ 2RH has
been used to introduce the shell radius R. The parameter X
in (1) is (f/ro)X where f is the radius of the projection of the
loaded region on the base plane. The completely clamped
condition (no displacement or rotation) at the outer edge
implies

= 0

/" - ("A)/' - = o

2(1

(3,4)

(5)

.= 0 (6)

at x = X. Equations (5) and (6) follow1 from the conditions
of vanishing radial and tangential displacement. The de-
scription of the problem can be completed by appropriate
regularity conditions on w and / at x = 0.

Axisymmetric Behavior
For axisymmetric deflections (1-6) can be shown to reduce

to
(xd'Y - (d/x) + z$ = -2p\*y(x) + 0$ (7)

Fig. 1 Geometry of a clamped spherical cap.

(x&Y - ($/z) - xB = -|02

0(X) = 0

X$'(X) - v$(\) = 0
where 6 = —w',<£=/', and

«, x<\
U,

In this case the appropriate apex conditions are

(9(0) = $(0) = 0

(8)

(9)

(10)

(H)

(12, 13)
which follow, respectively, from symmetry and the require-
ment that the membrane stresses be bounded.

Average Deflection Parameter

It will be convenient to introduce some nondimensional
gross measure of the deflection of the cap under a given load.
A suitable choice is the ratio of the average vertical displace-
ment of the loaded area to the shell thickness, which is given
by

W1 C^ fr W
—- I dQ I rWdr == —
TTfH JO JO t

When W is axisymmetric it can be shown that

W = 1
t [12(1 - v2)Y (14)

where y is the function defined previously. The termaload de-
flection curve'' will be used to denote a plot of p vs W/t.

Buckling and Postbuckling Behavior

Buckling

The critical load for axisymmetric snap-buckling corre-
sponds to the first local maximum on the load-deflection curve
implied by Eqs. (7-13). Asymmetric bifurcation may occur
before this load is reached, however, in which case the bifur-
cation load is critical. An analysis of the initial postbuckling
behavior is then needed to complete the description of the
buckling phenomenon. It is necessary to determine whether
the load initially increases or decreases after bifurcation. If it
decreases buckling will be of the sharp snap-through variety;
if it increases the cap will make a smooth transition to
asymmetric behavior.

Asymmetric bifurcation can be investigated by seeking a
solution to Eqs. (1-6) in the form

w /:
K

, (15)
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—— AXISYMMETRIC
—— POST-BUCKLING

a = f ARC TAN

Fig. 2 Interpretation of postbuckling parameter a, de-
fined in terms of instantaneous axisymmetric stiffness

SQ and postbuckling stiffness S.

where e is an infinitesimal scalar parameter. Substitution of
(15) in (1-6), use of (7-13), and linearization with respect to
e gives

- A + -2x a;2 -x

- tu'i + -2 wi ) 0' + l W'J
X X2 / X

V4/i = -

and boundary conditions (3-6) on (wi,/i). With no loss of
generality (wi,fi) may be taken in the form

/l

which leads to the equations

cosnB

1 W'\n$> ~ ^ fine + Q W\n ~ ̂  W

ft2 \ 1

»'i. - -, Wi. ) »' + -X / X

i»i»(X) = w'i»(X) = 0

- A-(X) + /!.(X) = 0

(17)
(18, 19)

(20)

- [1 - " + (2 + «-)n*]/'i»(X) + -/u(X) = 0 (21)

where

Ln( ) = - ( )' - -t ( ) andL.*(
X X

The critical load for bifurcation buckling may now be de-
scribed as the smallest value of p for which (16-21) have a
nontrivial solution for any integer n.

Initial Postbuckling Behavior

Koiter11'12 originated a theory of initial postbuckling be-
havior which leads, via an asymptotically exact calculation,
to a determination of whether the load initially increases or
decreases after buckling. This result can then be used to
predict the buckling behavior of the same structure when it
has an initial geometric imperfection. It can be shown that
if the load decreases after buckling for the perfect structure
the corresponding imperfect structure would be expected to
buckle at a load below the classical critical load. The applica-
tion of this theory to a spherical cap was developed in some
detail in Ref . 3 and only a brief outline will be presented here.

We begin by making the assumption that immediately
after bifurcation the solution to Eqs. (1-6) may be written
in the form

0 dx
+ e + (22)

where (0,$) is the solution to the axisymmetric problem at
the given load, and the buckling mode (w>i,/i) has been
normalized such that the maximum value of Wi(= (2#/A2)wi)
is equal to the shell thickness. The parameter e can now be
regarded as a measure of the contribution of Wi to the ver-
tical deflection in the post-buckled state. The definition of e
can be made quite precise by the introduction of an orthog-
onality condition between (WI,/L) and the succeeding func-
tions (wnjn) in (22). If pc denotes the critical load it is evi-
dent that e -> 0 as p -*• pc. It will be assumed that (22) is
asymptotically valid for e <3C 1. Using the principle of virtual
work, and assuming that 0 and <£ can be expanded in powers
of (p — PC), it can be shown that (22) implies a relation of
the form

p/pc = 1 + ae + be2 + (23)

The coefficients a and b are independent of the load and can
be expressed in terms of integrals over the shell base plane
involving (0,$), (wi,/i) and (wt,fa). Using the fact that the
circumferential dependence of (wi,fi) is cosn0 it is easily
shown that a = 0. This means that the sign of b determines
whether the load initially increases or decreases after bi-
furcation. By substituting (22) in (1-6) it can be shown
that (w2,fz) must be of the formt

- I 0(x)dx

The functions (/5,^) and (co,x) satisfy the equations

0(X) = 0 (26)

X^'(X) - ^(X) = 0 (27)

and

L2^2(CO) - L*n(x) + \^X' ~ f^xVc' ~ * C0"$c +

-x*f'6c-\x"r-^"r' = h(x] (28)

/I , 4w2 \ , 1 /; _
\X X / X .

(29)
w(X) = w'(X) = 0 (30, 31)

X"(X) - (v/X)x'(X) + (4reVX2)x(X) = 0 (32)

Xx'"(X) - ^ [1 - v + 4(2 + ^)n2]X'(X) + X J* x(X) = 0

(33)

where (0C,$C) is the axisymmetric solution evaluated at pc and

J The orthogonality condition mentioned above precludes the
inclusion of an arbitrary multiple of the buckling mode in (wz,fz)>
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If /I 1 \2 /I n2 \
= -d rc,2 -W'i« ~ - Win +{ - W\n ~ - Wln }2|_ \z x* / \x x2 /

It was shown in Ref . 3 that

The denominator of this expression may be transformed by
substituting for gi and #2 from (24) and (25), integrating by
parts, and using the equations obtained from (7-13) by dif-
ferentiation with respect to p. One then obtains the formula

ete

(34)

where y is defined by (11).
An expression- for the initial slope of the bifurcation branch

of the equilibrium path on a load-deflection plot can be de-
rived from the preceding results. Let S0 be the rate of change
of p with respect to W/t at pc on the axisymmetric path, and
S the same quantity on the bifurcation path. From (14)

[12(1 - v\
e>0

and from (22) and (23)

where
7)

7 = — 7;2")!1/2

A convenient measure of the postbuckling load-deflection
variation is provided by the quantity

a = (2/7T) arctan-DS/OSo -

= (2/7r) arctan(l/7)
(35)

which can vary between +1 and —1, is positive for increas-
ing load, and negative for decreasing load (see Fig. 2). Values
of a between —1 and — |- correspond to a backward sloping
postbuckling load-deflection curve, with decreasing load.

Now suppose the cap has an initial stress-free geometric
imperfection. It is reasonable to presume that the buckling
behavior will be most sensitive to an imperfection in the shape
of the buckling mode of the perfect shell. One might then
inquire as to whether it is possible for the load-deflection
curve of the imperfect structure to have a local maximum at
a load ps below the classical critical load pc. Let the vertical
component of the imperfection displacement be given by
eWi where e <$C 1. A modification of the analysis described
previously, which again uses the principle of virtual work as
its major tool, leads to the conclusion that ps must satisfy
an equation of the form

where C is a real number and b is given by (34). Only in the
case 6 < 0 does this equation admit a real-valued solution
ps < PC. Thus only when the load decreases after buckling
for the perfect structure will the buckling behavior be ex-
pected to be sensitive to an initial geometric imperfection.

o

-0.05

Fig. 3 Buckling and postbuckling of clamped spherical
cap under concentrated load.

Numerical Procedure and Results

The details of the numerical methods used to solve the axi-
symmetric prebuckling problem (7-13), the buckling prob-
lem (16-21), and the postbuckling equations (24-27) and
(28-33) were described in Ref. 3 and will not be repeated
here. The nonlinear axisymmetric problem was solved by
Newton's method13-14 in which the direct solution of the non-
linear system is replaced by the solution of a sequence of
linear correctional equations. These equations, as well as
those of the buckling and postbuckling problems, were solved
by central differencing, and the application of Potters7

algorithm.15 The integrals in the formulas for b and 7 were
evaluated by Simpson's rule. Poisson's ratio was taken as
-g- in all calculations.

To serve as background to the present study, the results of
Ref. 3 for the case of a concentrated apex load are reproduced
in Fig. 3. Here the nondimensional critical load

Qc = (6/7r)(l - v (36)

(where P is the load) is plotted against the shell geometry
parameter X, as is the postbuckling coefficient b wherever
nonaxisymmetric buckling occurs. As X increases, the num-
ber n of circumferential waves changes from zero (for axi-
symmetric snapping) to 5 to 4 to 3, and, as indicated by the
positive values of &, the initial postbuckling behavior for
n 5* 0 is characterized by increasing load.

Attention was first focused in the present work on the
geometry characterized by X = 12, and a study was made
of the effect of increasing the size of the circle over which the
loading is uniformly spread. The results are shown in Fig. 4.
The top curve shows the critical load as a function of X, the
parameter measuring the extent of the loaded area; X varies
from zero to X as the loading changes from a concentrated
force at the apex to a uniform load over the entire shell. In
this diagram the nondimensional load parameter QCJ now
given by Eq._ (36) with P = (7rf2)g, is plotted for X < 2;
however, for X > 2 the pressure parameter

PC = q/qo (37)

where g0 = 2E/[B(l - v*)} (t/R)* is the classical buckling
pressure for a complete sphere, was used.

The middle portion of Fig. 4 gives the values of the post-
buckling coefficient b associated with asymmetric bifurca-
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QC12

0.80

0;75

0.70

0.65

0.60
p

0.55

0.50
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0.40

X=[l2(l-z/2)]V/t)(t/R)2

Fig. 4 Buckling and postbuckling behavior of a clamped
spherical cap under distributed load for X = 12.

tion buckling. Finally, the bottom part of the figure shows
the postbuckling stiffness parameter ce, the significance of
which has been illustrated in Fig. 2.

The buckling and initial postbuckling _behavior shown in
Fig. 4 may be described as follows. For X < 2 the situation
is very much the same as for the concentrated load case corre-
sponding to X = 0. Asymmetric bifurcation occurs before
axisymmetric snap-buckling, and b is positive. For 2 < y <
4.8 a local maximum on the axisymmetric load-deflection
curve appears before the lowest bifurcation load. This transi-
tion in the mode of buckling at X = 2 is marked by a dis-
continuous drop in the critical load (thus the jump in the
curve is not just due to the change in the vertical scale).
For X > 4.8 bifurcation again occurs before axisymmetric
snap-buckling, but now b is negative. As X is increased the
critical wave number proceeds through a sequence of values
starting with n = 2. The most important fact to be ex-
tracted from these curves is that for X > 2 buckling will be
accompanied by a loss of load carrying capacity, and at least
for X > 4.8, the buckling behavior will be imperfection-sensi-
tive; that is, a drop in the critical load would be expected to
result from the presence of an initial imperfection. From the
definition of X one can say that a loss of load carrying ca-
pacity at buckling will occur if

f/*>2/[12(l - (38)

There is, of course, an additional dependence on v which
enters through the boundary conditions (10, 20, 21, 27, 32,
and 33), in which v has been set equal to -J. For v = -J, (38)
is well approximated by

> (Rt) 1/2 (39)

The results shown for a at the bottom of Fig. 4 have the
same trends, of course, as thos_e for 6, but reveal the addi-
tional interesting fact that for X > 4.8 the initial postbuck-
ling load-deflection relation always involves decreasing de-
flection as well as decreasing load.

Calculations were also made for the limiting case of X = °°,
with the results shown in Fig. 5. (These calculations were
actually made for a value of X sufficiently large that, when

doubled, led to no appreciable change in the results.) Except
that n equals 3_ rather than 4 in the imperfection-insensitive
range at small X, the results are qualitatively similar to those
for X = 12. In fact, they are so nearly the same in the
range 2 < X < 8, that it is likely that the buckling pressures
found for X = oo hold fairly well for X > 12 and 2 < X <
(X-4). (That is, it would appear that the buckling behavior
for X > 12 is not affected much by the clamped boundary as
long as it is more than 4 X-units from the edge of the loaded
region.) Also shown are asymptotic results for pc and 6,
found as described in the Appendix, for X -^ eo, with X/X
kept equal to zero.

Figure 6 shows, for X = o o } three examples of axisymmetric
load deflection curves which may_help to clarify the nature
of the transition at X = 2. The X = 2 curve illustrates the
situation which prevails for X < 2. The curve has a pro-
nounced flattening in the neighborhood of p = 0.6, but re-
mains monotonically increasing and eventually encounters a
point of bifurcation. The behavior in the region in which
axisymmetric snap-buckling prevails is exemplified by the
curve for X = 4. The flattened region has developed into a
well-defined maximum. For X = 6 the maximum is still
present, but a bifurcation point has appeared at a smaller
load.

Figure 7 shows how, for X = °o, several mode shapes asso-
ciated with asymmetric bifurcation vary with the non-
dimensional radial coordinate x. Note that the peak value
for a very localized loading (X = 1) is further from the apex
than that for X = 5. As X continues to increase, however, the
buckling mode appears to peak in the vicinity of the bound-
ary between the loaded and unloaded regions, ancl_ decays
rapidly in both directions; this was verified for X -^ oo
(X/X = 0) by the asymptotic study of the Appendix. In
contrast, the buckling mode for large X with a concentrated
load at the apex has a boundary layer near the apex, whereas
the large-X buckling mode of Ref. 1 for uniform loading has a
boundary layer near the clamped edge.

Finally, it was thought desirable to supplement Huang's
investigation1 by studying the initial postbuckling behavior
of clamped spherical caps under uniform pressure over the
full range of X; the results are shown in Fig. 8. As suspected,
the postbuckling coefficient b is always negative; indeed, the
fact that b is of order —1 suggests that the clamped cap is
just about as imperfection sensitive as the complete spherical
shell under uniform pressure.16 As shown in Fig. 8, asympto-

12

QC11

10

0.2

ASYMPTOTE
0.70

0.636
0.60

0.55

0.50

0.45

0 -

-0.2

-0.4
b
-0.6

n=3

ASYMPTOTE-
-0.64

0 2 4 6 8 1 0 1 2 14 ' "*

X=[l2(1-i/2)]V/t)(t/R)*

Fig. 5 Buckling and postbuckling behavior of a spherical
cap under distributed load in the limit as X —> °°.
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tic results for X -> co were found for both pc and b; for
reasons discussed in the Appendix, the asymptotic value ob-
tained for pc is about 7% smaller than that calculated by
Huang.

Appendix : Asymptotic Analysis

In this Appendix the procedure used to obtain the asymp-
totic values of pc and b shown on Figs. 8 and 5 is described.

Uniform Pressure Case

Huang1 computed the limiting value of pc as X approaches
infinity for a clamped spherical cap! under uniform pressure.
A summary of his work will be given because it provides the
basis for the asymptotic calculation of b. The fundamental
step in the analysis is the recognition that as X becomes large
the bending of the shell is confined to a narrow region adja-
cent to the clamped edge. Outside this region the membrane
state 6 = 0, <£ = — 2px accurately describes the axisym-
metric prebuckling solution. The only trouble with this solu-
tion is that it does not satisfy the boundary conditions at
x = X. Huang proceeded to define a new variable <£ by
writing <£ = — 2px + 5>. Substituting for <i> in (7) and (8)
gives

(xB'Y - B/x + x& = -2pxd + 0$

If it is assumed that 0, <l and their derivatives remain bounded
as X -*• oo it is evident that these equations may, in the
boundary layer where x is large, be replaced by

6" + 2pO + $ = 0 (40)

$" - 6 = 0 (41)

Similarly the boundary conditions (9) and (10) become

0(X) = 0 (42)

$'(X) = 2(1 - v)p (43)

Huang solved (40-43) subject to the necessary condition that
6 and <£> vanish exponentially as x moves away from the
boundary. He obtained

i1/277 {(1 - x

cos[(l

where rj = X — x.

- p

Fig. 7 Buckling mode shapes for spherical cap under
distributed load (X = oo).

Proceeding to the buckling problem Huang observed, from
the exact numerical results for large finite X, that the func-
tions w^ and fin are essentially zero outside an interval
X — 6 < x < X where 5 is independent of X. As X -> oo Eqs.
(16-21) can be replaced within this boundary layer by

- 2(T<w -/" + 4- O')f+2pw" -
a(2p + <&')w = 0

f"" - 2af" + <r2/ + w" - o-(l + 6')w = 0

/"(O) + ?er/(0) = 0

/'"(O) - 2(1 + v)of'(Q) = 0

where 77 is now the independent variable and

(44)

(45)

(46, 47)

(48)

(49)

- •*• (i)'X_>oo \A/

(The subscripts on w\n and f\n have been dropped for sim-
plicity.) Equation_(44) differs from that given by Huang by
the appearance of $' in the last term. It can be seen from
(43) that <!>' cannot be neglected relative to 2p. The asymp-
totic value of PC is the smallest eigenvalue of (44-49) for any cr.
It was found numerically to be 0.810, and it occurred for
a = 0.728. The 7% difference between this value of pc and

O.T5
c

0.70

0.65

0.60-

0.55
-0.7

-1.0

T~" Y~ ASYMPTOTE

. \
^^^

U9'

Fig. 6 Axisymmetric load deflection curves for a spherical
cap under distributed load in the limit as X —^ CD .

Fig. 8 Buckling and postbuckling behavior of a clamped!
spherical cap under uniform pressure.
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that computed by Huang is due to the discrepancy in (44)
just discussed.

The preceding method of analysis can be extended to the
equations describing the behavior of the functions /3, \f/, co,
and x which enter into the formula for b. The numerical re-
sults for large finite X show that these functions also approach
zero outside the boundary layer. This is only reasonable
since their governing equations are driven by the buckling
mode. In the limit of large X, then, (24-33) can be replaced
by

(51)
(52, 53)

and
- 8(7co

0(0) =>'(0) = 0

16o-2co -

4a(2pc + $'c)co = io-(2w'f - w"f + wf") (54)

+ 16<72x + <*" ~ 4(7(1 -f 0'c)eo =

-±<r[(wV ~ ww"} (55)

w(0) = co'(O) = 0 (56, 57)

X"(0) + 4o-i*(0) = 0 (58)

x'"(0) - 4(7(2 + z,)x'(0) = 0 (59)

where a and pc are 0.728 and 0.8-10, respectively. Both the
numerator and denominator in formula (34) for 6 increase
without bound as X -> °o t but it is not difficult to show that

7 [ft^ ~

- 2(1 - „
lim b = —

(60)

where ^i, ^2, hi, and /i2 are the right-hand sides of (50, 51,
54 and 55). For numerical evaluation the upper limit on
the integrals in (60) may, of course, be replaced by the actual
boundary-layer width. The result obtained by numerical
solution of (50-59) and evaluation of (60) is b = —1.19.

Intermediate Load Distribution

A similar analysis was used to compute the asymptotic
values of pc and 6 shown on_Fig. 5. These results were ob-
tained in the limit as X and X approach infinity, with X/X =
0. The bending is then confined to a narrow region near the
boundary between the loaded and unloaded portions of the
shell. Outside this region the axisymmetric solution in the
loaded section is accurately given by B = 0, <£_= — 2px,
and in the unloaded section by 6 = 0, $ = —2p\*/x. The
only failing of the membrane_solution described above is that
<£' is discontinuous at x = X, which implies a discontinuity
in the hoop strain. To remedy this we will seek a boundary-
layer correction in the neighborhood of x = X. Let

where

•= -2pxy(x)

l,x<\

(61)

Substituting for $ in Eqs. (7) and (8) gives

(xB'Y - 6/x + x§ = -2px y6 + (9$

(x&'Y - %/x - x6 =• -i02

In the limit of large X these equations may, in the neighbor-

hood of x = X, be replaced by

0" + $ = -2p6
$" - 0 = 0

(62)

(63)

With the coordinate change x = £ + X the problem may be
stated as that of finding a solution of (62) and (63) which
vanishes exponentially as J — >• ± °° . In addition we require
continuity of 6, 6', and <l at £ = 0 along with the jump
condition

f '(0+) - $'(0-) = -4p

which is the jump required to make <f>' continuous. These
conditions lead to the solution

6 {cog[(1

[(1 -

{cos[(l

- [(1 - 2p)] [(1 -

The exact numerical results for large X show that the func-
tions w^ and fin are essentially zero outside an interval
X — 5 < # < X + 5, where 6 is independent of X. Thus in
the limit as X -> oo Eqs. (16) and (17) may be replaced by

- 6')f + 2pw

/"" - 2s/" + cr2/ + w" - (7(1 - = 0

(64)

(65)

where

0- =

The description of this eigenvalue problem was completed by
the imposition of appropriate continuity conditions on w, f,
and their derivatives at £ = 0. The minimum value of pc
was found numerically to be 0.636 and it occurs for G =
0.610. The functions ft, \f/, o>, and x are also practically zero
outside the (X — 5,X + $) interval for large X; in the limit
as X -*• oo their go verning. differential equations may thus
be replaced by

(66)
(67)

and

(68)

co" - 4o-(l -

~ ww"] (69)
Finally, it can be shown that

lim b = —
X-»co PC

(70)

where gi, fa, hi, and hz are the right-hand sides of (66-69),
respectively. These equations were solved numerically sub-
ject to appropriate continuity conditions at J = 0. The
asymptotic value of 6 was then evaluated from (70) with the
upper and lower limits on the integrals replaced by ±6, re-
spectively. The result^ shown on Fig. 5, is b = —0.645.
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Vibrations of Pressurized Orthotropic Cylindrical Membranes
CLIVE L. DYM*

Bell Aerosystems Company, Niagara Falls, N. Y.

This paper presents the analysis of the free and forced vibrations of pressurized orthotropic
cylindrical membrane shells. The following points are brought out. 1) The response of the
shell is very highly dependent on the internal pressure, and on the relative magnitude of the
applied pressure loading as compared to the internal pressure. In fact, it is clearly demon-
strated that when the two pressures are of the same order of magnitude, a linearized analysis
is not sufficient to discuss the complete behavior. 2) The behavior of the shell is also very
significantly affected by the values of the various elastic constants. The ratio of the circum-
ferential stiffness to the axial stiffness was found to be a particularly important parameter, with
somewhat less importance being attached to the relative magnitude of the inplane shear
modulus. 3) Finally, the simplification of the analysis by the deletion of the inplane inertia
terms makes little difference in the results of the forced vibration analysis. This is a particu-
larly important simplification to recognize if a full nonlinear analysis is to be carried out.

Nomenclature
b,d,ai = dimensions defined in Fig. 8
CijjGiz = orthotropic material constants
h = thickness of cylinders
K = dimensionless frequency parameter
L = length of cylinder
n,X = ' circumferential and axial wave numbers
p = initial internal pressure
Px,py,pz = applied surface tractions
qmn = mode participation factor
R = radius of cylinder
tx,ty,txy = dimensionless stress components
txo,tyo,txyo = initial stress state

tx,fy,f;y = stress perturbations
Umn)Vmn,Wmn = modal displacements
u,v,w = dimensionless displacements
u*,v*,w* = axial, circumferential, and inward normal dis-

placements
UQ,VQ,WQ = initial displacements
u,v,w = displacement perturbations
x,y = axial and circumferential coordinates
a,(3,7 = dimensionless material constants
€xjey,yyy = strain components
£j<p = dimensionless coordinates
p = mass density
r = dimensionless time

Received January 16,1969; revision received October 30,1969.
The author is grateful to W. Garth, N. Markwart, and G. Worner
of the Electronic Data Processing Group of the Bell Aerosystems
Company for the computation of the numerical results presented
here, to J. W. Leonard (SUNY-Buffalo) for useful discussions,
and to the reviewers for helpful suggestions.

* Research Scientist. Member AIAA.

Introduction

THIS work presents a study of the dynamic response of a
pressurized orthotropic cylindrical membrane in both

free and forced vibration configurations. The effects of in-
ternal pressurization, inplane inertia terms, and variations in
the elastic constants will be examined. . . . . .


